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Abstract

We analyse the role of cointegration for the problem of hedging an asset using
other assets, when the prices are generated by a Cointegrated Vector Autoregressive
model (CVAR). We first note that if the price of the asset is nonstationary, the risk
of keeping the asset diverges. We then derive the minimum variance hedging portfolio
as a function of the holding period, h, and show that it approaches a cointegrating
relation for large h, thereby giving a serious reduction in the risk. We then take into
account the expected return and find the portfolio that maximizes the Sharpe ratio.
We show that it also approaches a cointegration portfolio, with weights depending on
the price of the portfolio. We ilustrate the finding with a data set of electricity prices
which are hedged by fuel prices. The main conclusion of the paper is that for optimal
hedging, one should exploit the cointegrating properties for long horizons, but for short
horizons more weight should be put on remaining part of the dynamics.
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1 Introduction

In this paper we consider the situation that there are given n tradable assets with prices
Yt = (Y1ts - - -, Ynt)', and we construct a portfolio as a linear combination n = (1y,...,n,)" of
the assets with value at time ¢, 'y, = > ., n;yir. A positive coefficient, n; > 0, indicates
that we buy 7; units of asset 4, and a negative coefficient n; < 0 means that we sell |n;| units
of asset j. We use the terminology that we have taken a long position in asset ¢ and a short
position in asset j. We define the prediction variance ¥, = Var(y,1|Z;), the variance of y;yp,
given the information in the process up to time ¢, Z; = o(y,, s < t), and measure the risk of
a portfolio, 7, at time t + h as Var(n'y,.n|Z;) = 0'3nn.

The simplest example of what we want to analyse is the case of two tradeable assets. If we
hold one unit of asset 1, we have the portfolio n = (1,0)". The risk at time t+h is 311, which,
for nonstationary prices, will diverge with h. By selling 5 units of the second asset yo;, we
have the portfolio n = (1, —3)’, with risk at time ¢ + h given by Y11 + 3222 — 283521 This
clearly minimized for 8 = Xj12/%p2e giving the minimal risk Y1, — 2%12 /Y ho2 which is less
than the unhedged risk of the first asset ,1;. We show that if there is cointegration among
the prices, we can exploit this and show that for long horizons, it is a cointegrating relation
that gives the best portfolios. In general we have more than two tradable assets, and we

maintain throughout the idea that we have one unit of asset 1 and want to invest in yoy, . . . , Ynt
in order to offset the risk in asset one, as measured by the conditional variance, if we hold
the portfolio for h periods. More precisely we want to choose a portfolio n = (1,72,...,m,)

in such a way that Var(n'(yien — y:)|Z¢) = n'3rn, is as small as possible. In this context we
call asset one the hedged asset and the assets (2,...,n) the hedging assets. The coefficients
Mo, ...,N, are called hedging ratios and 7 is the hedging portfolio. Finally we shall use the
term optimal hedging portfolio or minimum variance portfolio for the portfolio minimizing the
risk of 7' (Y145 — y¢), among all portfolios normalized on 7; = 1. Thus, hedging only considers
risk and not the expected return of the investment. To discuss this problem, we define u;, =
E(yisn — yi|Zy), such that the expected return of n is 0 up = E(0' (ysn — y:)|Z:). To balance
the expected return by the risk we consider the (squared) Sharpe ratio, Sharpe (1966),
which takes into account both expected return and risk by considering S? = (' un)?/n'Snn.
The portfolio maximizing the Sharpe ratio is called the optimal Sharpe portfolio. If we
can normalize on the first coordinate we can use the optimal Sharp portfolio as a hedging
portfolios, as we shall do in the analysis in Section 5.

The idea of minimum variance portfolio dates back to the seminal paper by Markowitz
(1952) and has since been explored and extended in both financial and econometric literature,
see for instance Grinold and Kahn (1999).

In general, the hedging methods can be divided in two classes: static and dynamic
methods. The static hedging techniques assume that the hedging portfolio is selected, given
information available in period ¢, and remains unchanged during the entire holding period
t,...,t+ h. This is opposed to the dynamic hedging methods which allows for rebalancing
the portfolio during the holding period.

We are only concerned with static hedging, and our contribution is to analyse the prop-
erties of the optimal portfolios under the assumption that the asset prices are driven by
a Cointegrated Vector Autoregressive model (CVAR). We start with a simple example of
a cointegrating regression model, which relates the hedged asset to the hedging assets via



a cointegrating relation, and the hedges are strongly exogenous and modelled by random
walks. It must be pointed out that the assumption that the data is generated by a CVAR is
not an assumption that holds for all assets and all frequencies of data. It has to be checked
carefully using the available data. Cointegration is used in pairs trading, see

"If the long and short components fluctuate with common nonstationary factors,
then the prices of the component portfolios would be co-integrated and the pairs
trading strategy would be expected to work." (Gatev, Goetzmann, Rouwe 2006,
p. 801)

and the contribution in this paper is a framework and some results, that can be used if
the assumptions of the CVAR are satisfied.

We then turn to the general CVAR, and find an expression for the optimal hedging
portfolio, and the optimal Sharpe ratio portfolio as functions of the parameters of the model.
There is no simple relation between the expected returns in the two situations, except when
the assets are strongly exogenous, in which case the returns are the same.

Our main conclusion is that for large h both the optimal hedging portfolio and the
optimal Sharpe portfolio converge to cointegrating relations, which we find explicitly and
characterize as the minimum variance stationary portfolio normalized on n; = 1, and as the
limit of the Sharpe optimal stationary portfolio respectively. If r = 1 they are equal when
normalized on 7; = 1. As an illustration of the results we analyse a set of data on prices of
futures of electricity and fuels in the Netherlands.

Thus a conclusion is that cointegration plays an important role in hedging. It allows for
the possibility that the hedging portfolio has a bounded risk, as opposed to the unhedged
risk. More importantly, however, is that the results show that for moderate horizons, it is
important not to use the cointegrating portfolio, but to use the optimal hedging portfolio
which interpolates between the short and long horizons. All proofs are given in the Appendix.

2 A simple example of hedging cointegrated variables

This section analyses a simple model, where the hedged asset is cointegrated with the hedging
assets that are modelled as random walks. We compare the optimal hedging portfolio with
the unhedged position in the first asset, and show how we find a substantial reduction in
risk, due to the nonstationarity of the asset prices.

2.1 The cointegrating regression model

We first consider a simple model for the variables in the example in Section 5. This model is
too simple to describe the data, which we analyse in Section 5, and is used here only because
the derivations are simpler in this case. Thus p; is the price of a future on electricity and
there are three "fuels", coal, gas and the price of C'Oy permits collected in y9,. We consider
a cointegrating regression model, where the endogenous variable p; cointegrates with coal,
gas, and C'O, which are modelled as n — 1 = 3 exogenous random walks, 75, € R*!,

Y1 = B'yar + uay,

Yot = Y2,4—1 T Usy,

(1)



where u; = (uy¢,uy,)" are independent identically distributed (i.i.d.) random errors with
mean zero and variance split accordingly

U =Var(u) = ( i; g;z ) :

The stylized story is that we hold one unit of electricity and want to hedge by going short in
the fuels in the hope of reducing the risk associated with the prices. We define the expected
return and the prediction variance h periods ahead

Hh = E(?Jt+h - Z/t’L) = ( Hint > )

Hn2
Y X
= Vot = (5 52 ).

In fact the producer of electricity is doing the opposite, see section 5, by going short in
electricity and long in the fuels, but that is just a question of a change of sign of the
portfolio.

2.2 The hedging problem and its solution in cointegrating regression

We want to hedge one unit of the first asset by going short in the portfolio with value 3} ya:
and consider therefore the portfolio 7, = (1, —/(,)" with value

n'ye = Y1 — By (2)

In portfolio hedging, a long position in asset one, is traditionally hedged with a short position
in another set of assets. Thus the sign in front of the hedging ratios, [, indicates the market
convention regarding hedging practice. The optimal portfolio is selected in period ¢t and it
is held up to period ¢ + h.

We want to determine [, to minimizes the risk measured by n'¥,n = Var(n),yinlZt),
that is, we want to solve

n%in Var(nyyenZi) = r%in(zhll + 31,5 h220n — By, Eh21 — Zn125h)- (3)
h h

This is solved by the best linear predictor of y; 114 given ys ¢y, and Z;, which is 5}, = 252122;121.
Therefore the optimal hedging portfolio becomes

1
* — _ , 4
, ( _2h2122h21 ) ( )

with expected return and risk

0 i = fih1 — Sy Sh21 2,

TOVY/MESD VRTIEED AP) Yt HFAE

For the regression model (1) we can find explicit expressions for these quantities.



Theorem 1 Let y, € R",t = 1,...,T, be given by the regression model (1), and let n; be
the optimal hedging portfolio for horizon h, see (4).
1. The expected return and risk are

iy = ( —(y1e — B'ya) ) (5)

Yot

v hB' a8 4+ B'Wor + Wia8 + Wy A3 Wy + Upy
g hWa8 + Vo hWao

2. The optimal hedging portfolio is

= : @
RN R 2 e (N A
which has expected return and risk
M tin = —(y1e — B'yar), (8)
nZ’Zhn,’; = \1111 — hil\I/u\IJ;Ql\Ifgl. (9)

In order to interpret the consequences of these results, note that holding the first asset
for h periods leads to a diverging risk

Var(yreen|Ze) = Y11 + hB' Vo + W19 + /Wy — o0,
whereas using the optimal hedging portfolio, we find the increasing but converging risk
Var(myyieen|Z) = Ui — b 0050 Way — Wy,

Thus for large h one obtains a substantial reduction in risk by hedging. Even for A = 1, the
risk associated with not hedging is Wiy + 'Wes S + V158 + ['Wsq, which is larger than the
optimal risk when hedging: ¥, — \1112\112_21\1121.

The expected return of holding the first asset is the same as the expected return of the
hedged asset, so in this case it is enough to compare the risks.

Two assets modelled by correlated random walks are substitutes. In the extreme case
that two assets are fully correlated, having only one of them as hedging asset, is enough for
an optimal portfolio. The expression for the risk ¥y; — h*1W12q1521q121 shows that the more
hedging assets are used, the smaller is the risk.

3 Optimal hedging in the CVAR

The analysis of the model, where the hedging assets are exogenous, is now generalized to
the general cointegration model, see Johansen (1996), where we use the error correction
formulation, which allows general adjustment coefficients as well as a constant term in the
cointegrating space, allowing for nonzero expectation of the cointegrating relations. In the
case of n — 1 exogenous random walks and r = 1, see the regression (1), the optimizing
portfolio approaches the only cointegrating vector. In the general case where r > 1, we
show that the optimal portfolio converge to 77,,,, the minimum variance stationary portfolio
normalized on the first asset.



This result is formulated in Theorem 4 for the cointegrated VAR model with two lags
Ay, = a(Y'y—1 — &) + Ay, 1 + &4 (10)

It is only a question of a more elaborate notation to handle the case of more lags. For a
lag & model, we can express the model as a lag one model for the stacked process y; =
(Y45 - Yi_p41, ) using the companion form, see Johansen (1996) and Hansen (2006). The
portfolios we investigate, however, have the form 7'y, = (7//, O’H(k_l))gjt = 1"y, where Op(—1) =
(0,...,0) € R~ Thus we are not optimizing over all linear combinations of g, but only
linear combinations of the first n coordinates. This requires a slightly modified form of the
optimal portfolio.

The prediction variance ¥, = Var(y,1n|Z;) can be calculated recursively from the esti-
mated parameters, as in Liitkepohl (2005, pp. 259-260), by defining the matrices ®¢ = I,
and ®; = I, +ay +® and &; = &, ([, +ay + D) — &, 2P, i =2,3,... Then the variance
is given by

¥p=Yho1 + 1 QP 4,

but we need a more explicit expression for the detailed analysis below. The first result is
formulated for the lag one model to simplyfy the notation.

Theorem 2 Lety, €c R*,t =1,...,T be given by

Ay = a(Y'y—1 — &) + &4, (11)

where g, are i.i.d. (0,Q2) and a and vy are nxr matrices. We assume the usual 1(1) conditions,
see Johansen (1996, Theorem 4.2). This implies that the eigenvalues of p = I, + 7'« have
absolute value less than 1, such that vy, — £ is stationary with mean zero. We define v, as
an n X (n —r) matriz of rank n — r, such that 'y, = 0, and similarly for oy, and use them
to construct C' = v, (a/,v,) '/, We then find the conditional mean and variance

tn = EWYen — i) = a(Vla)_l(Ph — 1)y = §), (12)
h—1

Sh=Var(yen — wlT) = > _[C + a(v'a) " py1QIC" +vp" (a'y) 'a]. (13)
=0

It follows that the optimal hedging portfolio is

1
r = _ . 14
M, < _Eh2122h21 ) ( )

Because we are interested in hedging the first asset and investigate the influence of
cointegration, we assume that there exists a cointegrating relation of the form {y, = yi; +
B1y2:. By taking linear combinations of the cointegrating relations, we can eliminate the first
asset from the remaining relations and assume, without loss of generality, that

7= (172) = < 51 502 > (15)

6



for 71 € R™ and v, € R™ (=Y We use the notation for mean and variance of the stationary
variables 7'y,

_ N yie + By \ [ &
e= B0 = e (M) - (), (16

! 'y T
r—v A v y1t+51y2t>:( 11 12)_ 17
ar(v's) “ ( By For Ty (17)

If the portfolio is chosen as a cointegrating relation, we find the optimal portfolio in the
next Theorem.

Theorem 3 Under the assumptions of Theorem 2 and if the cointegrating relations are nor-
malized as in (15), then the variance of a stationary portfolio 0y, = y1s — 'y2r 18 minimized
for B € Rt by the optimal hedging portfolio

1 1
* - _ - : 18
= (- aesgra ) =7 riira ) 1)

with expected return and risk
EMioye) = &1 — T1aloy &, (19)
Var(ni,y:) = T — T2l Tar. (20)

The coefficient B, = B1 — Bal'ys a1 is the probability limit of the estimated coefficient
i a regression of Y1z ON Yo;.

Note that with the parametrization (15), the parameter ; is not identified, because we
could choose the parameters,

B _<1 o>(1 o)_( 1 0)
T =R = B B ki Ky )\ Bi+Pok1 Paks )

and a,, = ax/~! for which oy’ = a,7., and that would not change the cointegrating space
and therefore not the model (11), as long as « has full rank r. The result in (18), however,
is invariant to this choice of parametrization, because if 7, were the cointegrating relations,
then using the expression in (18), we would find

. _ 1 B 1
= ( B+ Bakin — Para (K5 a2ka) 'k (Ta1 4 Togkin ) ) B ( B — ol Tay ) '

Thus, the result (18) does not depend on the parametrization of the cointegrating space.
We next formulate the main result for the hedging problem in the CVAR.

Theorem 4 Let y; be given by the CVAR (10) and assume usual I(1) conditions, see Jo-
hansen (1996, Theorem 4.2), such that y, is [(1) and ~'y, is stationary with mean &.



1. If h =1, we find 1 = Q, 11 = a(Yy—1 — &) + PAy,_1 and the optimal hedging
portfolio is ni' = (1, —Q12Q% ), which has mean return and risk

' = (1, =120 ) ((y'ye — €) + PAyy), (21)
NS} = Qa1 — Q12055 Q. (22)
2. If h — oo, we find
1
* * — N , 23
Nh = Nstat Y ( —F221F21 > ( )
and the limits of mean return and risk are
Mk — —(L, =T12l) (VY — &) = —(0itarte — E(05arye)), (24)
My Satty, — T = Tioloy Ton = Var(nfaye)- (25)

The interpretation of these results is the following. For h = 1, the optimal portfolio
depends only on the error variance €2, and cointegration plays no role. The minimal variance
is 41 — QHQQ’;QQI < 11, which is the variance of the unhedged asset. For h — oo we find
that the limit of the optimal portfolio is the cointegrating relation, which we would estimate
by regression of ¥, on vy, that is n%,,,. For any h we find the risk of the optimal portfolio is

—1
2hi1 — Lh12259925821 < Lhll,

which is the risk of the unhedged portfolio, which diverges to infinity if the price of asset one
is nonstationary, whereas the risk of the optimal portfolio stay bounded, so a lot is gained
by hedging. The mean return of the unhedged asset and the optimal hedging portfolio are,
for e,; = (1,04, ;) € R*",

E(Wrrn — vl Ty) = ey a(3'@) (0" — D)(F'5 — €),
mi i = (1, =Sn125005, 00 )a(¥'a) (5" = 1)(F'i — &)

Thus the risk is reduced by Eh122;2122h21 > 0, and the mean return is changed, but not
necessarily increased, by

— D12 @ (V&) (" — 1) (35 — §),

where €5 = (0n—1, [y—1,0(n—1)xn). Note that

e
7 = [naon n
< €2 ) ( xn)

If in particular € ,& = (az, P2) = 0, then yo, is strongly exogenous, as in model (1) and the
mean return is not changed, and only risk need to be taken into account.

In the next section we analyse the balance between expected return and risk using the
Sharpe ratio.



4 Optimizing the Sharpe ratio for the CVAR

We first derive the well know result for the portfolio optimizing the Sharpe ratio, see for
instance Gourieroux and Jasiak (2001 pp. 74-76). We define the (squared) Sharpe ratio

after h periods as
E / _ T, 2 / 2
Syl = LA (/yt+h vl T3 (nluh) . (26)
Var(m' (Yen — )l Ze)  1'Zwn

Theorem 5 The portfolio which maximizes the Sharpe ratio after h periods is given, up to
a constant factor, by

=35, i, (27)
and the mazximal value s
Su(in) = 1y tin- (28)

The optimal stationary portfolio np siar = V(Y Zny) Y pn, satisfies for h — oo
Mhstat = =YL (V'Y — €) = Tstar (29)
say.

Note that the expected return of the portfolio optimizing the Sharpe ratio is equal to the
risk and given by

E{T (yern — y)|Tey = T pn = 13,55, i = Var{ay (yesn — ye)| T} > 0.

Thus, the mean and variance of the optimal portfolio are equal to the maximized value of
the squared Sharpe ratio and the positive expected return is positive.

In the following we analyse (27) and (28) further for assets that are driven by the coin-
tegration model with two lags, in order to investigate the role of the cointegrating relations.

Theorem 6 Under the assumption of Theorem 4, we find
1. For h =1, the optimal Sharpe portfolio and its expected risk are

i =Q a(y — &)+ PAy), (30)
M = MEm = S = (a(Y'ye — &) + @A) QU (a(y'ye — &) + PAy,). (31)

2. For h — oo, the optimal Sharpe portfolio and its expected risk satisfy

M — =T Yy — &) = Nstat (32)
Mot = M58 = X5 n — (VY — E)'T (Y y — €). (33)

Note that the optimal Sharpe portfolio for A~ = 1, is a combination of the columns of the
inverse error variance ) with weights depending on the expected return after one period,
w1 = E(Ay1|Z;). For large h the optimal portfolio approaches a cointegrating relation
with weights determined by the inverse variance of the cointegrating relations, and the
disequilibrium error v'y; — £ at the time of investment.



5 Empirical example

Consider the situation that a producer of electricity enters an agreement to deliver to cus-
tomers two years from today one MWh of electricity. Therefore she/he sells to the customers,
today at the price p;, the right to having delivered one MWh of electricity in two years, that
is, a two year forward contract in electricity. The seller is worried about the risk due to
changing fuel prices and decides to hedge these risks by buying two year futures in the price
of fuels. The problem is which amounts, the hedge ratios, should be bought of the futures to
hedge optimally, in the sense of smallest variance, the risk due to the variation of fuel prices.
Note that instead of holding the first asset, we are selling it and buying the hedging assets,
but that is just a matter of a change of sign. A detailed analysis of some aspects of the
electricity market in Europe, using cointegration analysis, can be found in Bosco, Parisio,
Pelagatti, and Baldi (2010) and Mohammadi (2009).

Above we have developed a theory for this situation under the assumption that we have
a constant parameter model, which describes the data well and for which we can assume
that the model parameters remain fixed in the next h periods. The model describes the
cointegration relation between electricity and the fuels. We now want to apply this theory
to a set of data, and show how in this particular case, the optimal hedge ratios and its risk
change with h

We take Dutch electricity prices for trades for two year ahead forward contracts for
electricity, p;, and two year futures price for coal;, gas; and COy (COs is the European
Emission Allowances for carbon dioxide) which are main determinants of the price of elec-
tricity, denoted fuels below. The data is from Datastream. We model these variables
Yy = (py, coaly, gasy, COq)' using a cointegration model with two lags of the form

Ay = a(fyi—1 — &) + PAy_1 + &4,

e, t =1,...,T are independent identically distributed (0, ). Note that in order to interpret
a cointegrating relation as a portfolio, we model the prices, not the log prices. We summarize
the analysis as follows.

The time series of the data are presented in Figure 1. The measurements are taken on
the first trading day for each month January 2006 to April 2015, a total of 112 observations.
We estimate the model using the Gaussian maximum likelihood procedure, Johansen (1988),
and the calculations are performed using the software CATS in RATS, Dennis (2006).

We find that a model with two lags is a reasonable description of the data and we first
test for the number of cointegrating relations. The test for rank is given in Table 1 together
with the magnitude of roots of the companion matrix when » = 1. One finds as expected
three unit roots, and the remaining are well within the unit disc.

One can simplify the coefficients in a and § and find that there is a stationary relation
between electricity, gas and C'O, without a constant, and that only C'Os is significantly
adjusting to the disequilibrium error. The restrictions are tested by a x? test with 5 degrees
of freedom. There are three restrictions on o and one on  and one on the constant:

B'y =p; — 1.459 gas— 1.500 COs,
[t=—17.20] [t=—10.95]

o' =(0, 0, 0, 0.163),
[t=3.86]

LR test = 6.833 ~ \*(5) [p — value = 0.23].

10
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Figure 1: The four monthly series from January 2006 to April 2015

Test for cointegrating rank

r Eig.Value Trace Frac95 P-Value
0 0.248 60.135 53.945 0.012
1 0.123 28.785 35.070 0.210
2 0.097 14.391 20.164 0.270
3 0.028 3.151  9.142 0.562

8 abs(roots) of companion matrix for r = 1
1,1,1,0.72,0.24,0.16,0.08, 0.01

Table 1: The tests for rank indicate that r = 0 can be rejected and that r = 1 looks
acceptable. The absolute value of the roots of the companion matrix are three unit roots
and the next largest is 0.72

The estimated cointegrating relation is plotted in Figure 2 and the optimal 3}, is plotted
in Figure 3, and the risk of the optimal portfolio compared to the stationary portfolio is
given in Figure 4. Note that using the cointegrating relation as a hedging portfolio has a
much greater risk than the optimal hedging portfolio. The unhedged risk grows linearly from
15.14 (h = 1) to 420.74 (h = 24), whereas the optimally hedged risk grows from 3.00 (h = 1)
but stays below the limit [' = 20.49.

We have illustrated the findings with some plots in Figure 5. The example has the special
feature that r = 1, so we get some simplification. Because 7,1 — —7'y;/T',we find that the
optimal portfolios 7, /71 and n* converge to 7. The corresponding expected returns 7, 15, /Tra
and 1}’ 1, converge to —'y; and the risks 7, 3,7, /77, and n*¥,n* converge to ' = 20.49.

In Figure 5 panel a and b we have chosen ¢ = 2006 : 2 and plotted, in panel a, the risk
and expected return of the optimal hedging portfolio. They converge towards their limits,
'Sy — ' = 2049 and n'pn, — —7'y+ = 20.26, see (24-25). The same holds for the
optimal Sharpe portfolio in panel b, see (31-32), when normalized by 7,1, the coefficient to
p¢, and it has for general A a higher return and a larger risk.

In panel ¢ and panel d we have chosen t = 2010 : 2, where +'y; = 2.57 has the opposite
sign, and we plot the same curves. We note that again the optimal Sharpe risk is larger

11



The cointegrating relation
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Figure 2: The cointegrating relation p, — 1.459¢gas; — 1.550C'O4; only shows significant coef-
fcients for gas and C'O,y. The adjustment coefficents to the changes in p, coal, gas, CO, are
= (0,0,0,0.163), so that only CO is adjusting to disequilibrium.
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Figure 3: For h = 1,...,24, we plot the optimal hedge ratios 8; = (Bin,Bon, Osn)" for

the estimated model.
cointegrating relation (51, s, 53) =

It is seen how the hedge ratios converge to the coefficients of the
(0,1.459,1.550) given as the dotted lines.
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Risk of stationary and optimal portfolio
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Figure 4: We plot the risk of the stationary portfolio Var(v'y,in|Z;) = v'Envy, (—) which
converges to I' with an exponential rate, and the optimal risk Var(n}yinlZ:) = n5/Swn;,
(corees ) which converges to I' = 20.49 like h~!. The unhedged risk (not plotted) for asset
one is ¥p11 ~ 15.14 + 16.9(h — 1), which goes from 15.14 to 420.74 for h = 24.

Expected return and risk

Optimal Hedge portfolio 2006:2 Optimal Sharpe portfolio 2006:2

Optimal Hedge portfolio 2010:2 Optimal Sharpe portfolio 2010:2
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Figure 5: The expected return and risk of the optimal hedging portfolio and the optimal
Sharpe portfolio for two different dates, plotted for horizon h =1, ..., 24.
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than the optimal hedging risk, but the expected returns are both negative now. The optimal
Sharpe risk is larger than 25 for h < 14, and therefore truncated in the plot.

The conclusion of this is, that if we want to buy one unit of electricity and hedge using
the fuels, then, if we start on February 2006 (where 7'y, = —20.26), we can expect a positive
return which converges to 20.26, and we can use the optimal Sharpe portfolio which has a
higher expected return and a higher risk but the same limit. Thus, if the stationary relation
takes a negative value at the time of investment, it pays to invest.

If, however, we start in February 2010 (where 'y, = 2.57) the optimal hedging portfolio
has a much smaller risk than the unhedged portfolio, but we can expect a negative return
as the price paid for getting rid of risk. The risk of the optimal Sharpe portfolio is larger
than 25 for h < 14.

If, however, we want to go short in electricity, as the producer in the example above, then
we have to change the sign of the portfolio, which leaves the risk the same but changes the
sign of the expected return. Thus starting in February 2006 will imply a negative expected
risk for the electricity producer and it would be better to start February 2010.

In summary. If 7y, < 0 it pays to go long in electricity, and if 4'y; > 0 it pays to go
short. Thus the electricity producer should sell the future in electricity in a month where
pr — 1.459gas; — 1.550C' 0y > 0.

6 Conclusion

We have analysed the role of cointegration for hedging under the assumption that asset prices
are driven by a CVAR. We have found the optimal hedging portfolio and optimal Sharpe
ratio portfolio and compare with the unhedged portfolio for horizon h.

We find that, due to the nonstationarity of the asset prices, there is a substantial gain
in risk by hedging, especially for longer horizons. There is no simple comparison between
the expected return of the hedged and unhedged portfolio, except in the special situation
of strongly exogenous hedging assets. Thus the main advantage of hedging is the reduc-
tion of the risk. The minimum variance optimal portfolio does not take into account the
expected return, and we therefore also analyse the optimal Sharpe portfolio, which balances
the expected return and risk.

For long horizons, the optimal portfolio in both cases approaches a cointegrating relation,
which we find explicitly together with a formula for the expected return and risk.

If the first asset enters the optimal Sharpe portfolio with a positive coefficient, we can
choose the portfolio as a hedging portfolio by normalizing on y;, and we have found a good
balance between mean return and risk for the hedging problem. If, however, the coefficient
to y1; is negative, the corresponding hedging portfolio, normalized on v, will give the largest
negative expected return in relation to its risk.
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7 Appendix

Proof of Theorem 1. We find from model equation (1), that ys is a random walk in n —1
dimensions and that can be used to find y; 144, and ya 445 as function of yy4, yo; and the errors

Y244k = Yot T U1 + =+ U2 4,
h—1
Yiirh = BY2n + Ut ppn = Byar + 5 Z U2t 1h—i T UL tth-
i=0
We find the expected return and prediction variance in (5) and (6). The best linear predictor
is B = (hWWg) " H(hWayB+ Uyy) = B+ h~1W,, Wy . We note in particular that for h = 1, 57 =
B+VU5 Uy and Bf — B, h — oo, and that we can write S+h "1 W5, Uy = Brh ™1+ (1—-h71)p,
which proves (7), (8) and (9). u

Proof of Theorem 2. For model (10) the cointegrating relation 'y; is an r—dimensional
AR(1) process with autoregressive r X r parameter p = I, ++'«, and +'y, is given by the
equation

Ve — &= p(Y¢-1 — ) +7er.

By forward recursion from i =t +1,...,¢t+ h, we find that o/, y; is a random walk, and
that
h—1
o Yo = &y + Z o €y,
i=0

h—1
Vyern = €= 0" (V9 = + Y PV errnr.
1=0
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We combine these results using the identity

/

L =~.(c\y) ' +a(ya) Y =C+alya) .

This gives
Yesn — Yt = Cran + (Y)Y Yoyn —
h—1 h—1
=CY i+ O+ a(Ya) E+ 0" Yy — ) + Y 'Y ern—1) — i
0 i=0

1=
-1

(C+ a(y'a) " o'y )erin—i + a(¥ o) (p" = 1)(Y'ye — &)

>

[en]

From this we can find the conditional mean (12) and variance (13), and the optimal hedging
portfolio, using (14). |

Proof of Theorem 3. A cointegrating vector ' = (1,—/’)’ is a linear combination of the
vectors in 7, see (15), and therefore there exists a vector (1, ') € R” such that

= ()= ()= () ()= (o).

that is, n'yy = y1e + Biyar + K Byae. The variance of this is I'y; + &'Tyy + I'igk + £'Tagk, which
is minimized for
li* = —F2_21F21,

giving the optimal cointegrating portfolio (18) with mean and variance as given in (19) and
(20). )
Regressing y1; on y9; we find (3, which satisfies

B — Batar = (Z y2tyét>71 Z Yor (Y1t — YouBirar)-
t=1 t=1

We then analyse the matrices by pre and post multiplying by By = (T7Y28,, T 55,)
and find, using the rules that product moments of (1) variables are Op(T?) and product
moments of an /(1) variable and an 7(0) variable is Op(T'), that

B>yt Br = Op(1), T7 B ya(yie — YoBiar) = Op(1).

t=1 t=1

For details see Johansen (1996). Next we apply the law of large numbers for stationary
(ergodic) processes and find using the definition of 3%, = 81 — B2l'53 I'a1 that

v . v _ P _
T Zﬁéyzt(ylt—yétﬁsmt) =T Zﬁéy%(ylt_y;tﬁl + 1y 0235 T1) — Doy —['ol'55 Tay = 0.
=1

t=1

This implies that because Byya: (Y1: — Yh/35a;) IS @ stationary mean zero process,
n
Zﬁéy%(yu — b Blas) = Op(TY?).
=1
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This means that, using B;' = (T7Y23,, 771535, ),

( TY2By(3 — Byar) )

2 (A x = Bfl(g_ﬁ:tat) = (Br ZthyétBT)_lBéF Z Yor (Y=Y B5ta) = Op (1),
TBQL(ﬁ - 55tat> t=1

t=1
which implies that 3 il B, for n — oo. ]
Proof of Theorem 4. Proof of 1: We find from equation (10) that

i = E(Ay|Ty) = a(y'ye — &) + PAy, B = Var(Ayl|Z) = Q, B = Qg Qan,

which proves (21) and (22).
Proof of 2: The model with two lags (10) can be expressed in companion form as

(2)-(& (2 5) () (1)
Ayt—l Onxr In 0n><r _In Yi—2 On ‘

We express that as the lag one model

AGy = a(Y' -1 — &) + &,

- Yt - a O < o I,
= ( Yt—1 ) 4= ( 0n><7’ -[n ) 1 ( On><7‘ _In ) ,
5 f ~ Et S Q0
5 - ( On y &t = On ) 0= 0 0 .

We then find for C' = v, (/| (I, — ®)v,) o/, the derived parameters,

_— o N -~ [ C =0C . (L +Ya AP
OZL_(—(I),O&J_)j,YL_<”)/J_>’C_<C —q)C)? p_( a P .

The results (12) and (13) hold for the process 7; by adding a tilde on all parameters, and we
find

where

S = hCQC" +a(¥a) () i (@, 3) e (34)
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and all converge exponentially fast, because the I(1) condition implies that the absolute
roots of the companion form are bounded by 1. We therefore replace all three by their limits
in the limit argument below. We introduce the matrices

é = (’7/6‘)71:}/(In7 Onxn)/QO‘l(O‘/J_<In - ®)7L)717
T = (o, (In = ®)y1) ', Qory (Y (I — ®)ery) Y,

and find
(I, 00 ) CQC (I, 0nn) = CQC" = 7, T,
(In, 0nsn) COH(E'H) 20 = CQUIn, 0 (@'F) %6 = 7.0/ (@) .
For pp, = (I, Onsen) fir, and Xy, = (I,,, Onxn)ih(fn, Onxn)’ we therefore get
pn = (I, Onen) (T Q) (" = L) (30 — ), (35)
1~

(7
S = hy Ty + (In, Opxn)@(7'6)~ 1f( )& (In, Opxcn)' (36)
- 'VL@ (O‘ 7) o/ (Im Oan) (Inv Oan) (7 a) 1@7J_-

Next we introduce the notation
(17 0;7, 1 0;)7
al - enla(7 a 1?

for the first unit vector in R?*", and the first row of the 2n x (r + n) matrix a(¥'a)~t. We
also need the next n — 1 rows of the matrix &(5'@)~!, and define

6112 - (On—h In—17 O(n—l)xn)7

by = en0(Y'a)

such that e/, consists of the n — 1 unit vectors in R?", which picks out the rows 2,...,n of
a(y'a)"t
We use below the simplifying relations
&) + Bian = (€ + Bien)a(7'a)™ = F1a(Ya)™ = (L,0_14,) = €, (37)
52% Bée;ﬁ&ﬁ'o?) L= ’7254@ 54)71 = (Orfb[rfbo(n—l)xn) = 6;27 (38)

say. We next want to derive expressions for Y99, 2501, and X711 and note that

(10N [ BB
7‘(51 m)“‘( B )

which implies that from (36) we find the expressions

Yhoo = hB2 . Y5y, + d;fég — (2.0Gy — dééﬁég
Yho1 = —nPa Y05 b1+ d'gffh — (,.0'a; + dééﬁhﬁh
Yp1 = nf1 021 Y05, 51+ 041F041 + 5152L@/a1 + Oél@ﬁuﬁl-
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We see from (36) that 3,95 tends to infinity, and in order to analyse Y99, its inverse, and
the limit of the best linear predictor, 3; = 2]:2122}121, we introduce the normalizing matrices

Ap = (B2, h ' Bar), A= (B2, B21),
where By = Boy (B, Bor)” Y, such that 85, oy = I,_1, and find
B = 2;;2122%21 = A(A)Xp20A) A} Dot

Using 35, f21 = I,_1 and Bé&;f&gﬁg = e;zf’erg = Var(Bhya) = Taa, see (17), we find

A EnpA = ( P €a(l@2f21 = 0) ) +O(h™),

0 T
, ' (Téy + O8] _
Ao = < nl nggéLgfLﬁl) ) +O(h™).

Hence for h — oo,
A(A oo A) A S

i 5l —Tglel,(Fanf — O)T-1 e, (Ta, + 08, 1)
—’(52:52L)< (2)2 e T2*1u )( 2 —lTﬁéLﬁlu 1

= Balys ehy (D + 8y, B1 + (FanBar — ©)By, B1) — Bor By B
= Bolay €l T(G1 + a2 35 1) — Bai Bh Bi-
In this expression we find, using (37) and (38),
an + Gofa1 By, fr = Ga + (2B — 220501 = en1 — enaByf1.

Inserting this we find the limit for h — oo,

A(Aﬁlzmzz‘l)*lf%zhzl — 52F521€;12f(€n1 - €n25é51) - ?2L5£J_ﬁl
= 52F2_21F21 - 52F2_21F225§51 — P13y, 01 = 52F2_21F21 — b,
because (23531 + B21 8y, 1 = Bi. This proves (23).
Next we find for h — oo the limiting expected return using v'(1,,, 0pxn) = (I, Onxen )y

0 = (1, =Sn1285, Onxn)&(7'@) (7" — L) (V5 — €) (39)
- _(17 ﬁi - F12F2_21657 Oan)&(’s/d)_l(’?,gt - 5)
= —(1, —T12l55 ) (L, Orser) ¥ @ (7'@) ' (75 — €
= —(1,—T1oT3, ) (Y'ye — €),

which proves (24).
From the above we find that the optimal portfolio satisfies

* *
M = Nstat + Th,
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where r, = O(h™!), such that the minimal variance is

*,

M Znh = (Maar + 70) S0 (Mitar T Th) = NetarShNatat + 27 EhNstar + ThEnTh-
Here the first term, using v'(1,,, 0nxn) = (Ir, Opxn)?', 1S

nzzatxhn:tat = (17 _F12F521>7([n7 OHXH)&(’V&)ile&a ﬁ)ild/([na Onxn)ﬁ)/(la _F12F521),

_ T r _ _
= (1, -T12l5) ( F; F;z ) (1, -T2l ) =Ty — TiaT55 Doy,

and the remaining terms are O(h™!) because 7.,,,, 21 = O(h™1), which proves (25). m

Proof of Theorem 5. Introducing a = 2,1/277 and b = 2;1/2/%, we find 7'y, = a’b and

/

Wy (@)

— < b/b — 271
S%p T]/Zhn Sl;p (a,(l)(b/b> = Hp2ip, [hy

by the Cauchy-Schwarz inequality, where equality holds for a = cb or n = ¢%; 'y, This
proves (27) and (28). See also Gourieroux and Jasiak (2001 pp. 74-76). If we restrict
n =K, k € R", then

(' pn)* (K'Y pn)?

7Ehn K'Y IR
such that for the optimal & we find 7 st = V5 = V(¥ Zny) 1 pn. To find the limit we note
that from (35) we find for h — oo,

Vi =7 (In, Open) (7' @) (5" = Lgn) (3 — &)
= (I, O )V &(7' @) (5" = L) (Vi1 — €)

- _<Ira0nxn)<5/gt - g) - _<]7‘70an) < ;//git y_g ) = _(fy,yt - 5)
t t—1

From (36) we find similarly
VIR = 7 (I, Onsen )&(F'@) (@, ) L& (1, Onsen)'y — (Iry Opsen) T (I Opsen)’ =T

Thus
Thstat = Y(VERY) ™Y 1 — =T (Y — &) = Tstar, for h — oo,
n
Proof of Theorem 6. Proof of 1: For h = 1 we get from the model equations (10), that

w1 = E(Aya|Zy) = a(y'ye — &) + PAy, and Var(Ay,1]Z;) = €2, which shows (30) and (31).
Proof of 2: From Theorem 5 we find the optimal Sharpe portfolio as

N = Zﬁlﬁbh = [(Zn, O)ih(lm O)/]il(Inv 0)fn,

and the expressions (35) and (36) are valid for ji;, and 3.
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We introduce the matrices B = (v,7,) and By, = (v,h™'51), (3. = (¥,v1)'v.) and
find using v/ (1,,, 0,5n) = (I, 0rxr )7 that from (36)

5" = (1 024(L, 0)) ™ = B(By(L, 0024 (L,, 0/ B) ' B,
~ -1
_ r ’7/(In70) h(In70)/r7J- ,-)/ = -1/

Similarly we find from (35) that for h — oo,

M= S5 = =T (I, Oncn)A(7'@) (75— §) = =T (7' = ) = Thstar-
Finally we find the limit of the optimal variance:

i3I, 0)'[(1, 0) S (I, 0)'] ™ (I, 0) fin = 7, (L, 0)fin — (' — )T (0 — €).
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